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Abstract 
For the problem of geostationary earth orbit (GEO) satellite’s on-orbit servicing, a method is proposed by taking a photograph of 
GEO satellite through orbit maneuver vehicle (OMV) with CCD camera. Firstly, highly eccentric orbit (HEO) is designed for 
OMV. In order to avoid apogee’s drift under J2 perturbation, strategy of orbit keeping is studied. Secondly, regarding GEO satellite 
as a reference spacecraft, C-W equations are used to depict OMV and GEO satellite’s relative motion which lasts about 120 
seconds. The rationale of applying these equations is validated by making comparisons with the result of STK orbit propagator. To
make C-W equations representing relative motion properly, GEO satellite is chosen as the reference spacecraft because 
geostationary earth orbit is circular. However, observation data which consists of relative distance ρ , Hi-Lo angle β and azimuth 
angle are measured by measuring equipment which is installed on OMV in practical. The measuring variable should be 
transformed to virtual ones by GEO satellite in order to estimate GEO satellite’s relative motion state versus OMV by filter. Then a 
kind of converting technique is presented. Finally, GEO satellite’s relative motion state versus OMV is estimated by unscented 
Kalman filter (UKF). Numerical results indicate that high precision is achieved, and the state-estimation satisfies the requirement of 
precise trajectory propagate. 
α
© 2011 Published by Elsevier Ltd. Selection and/or peer-review under responsibility of [CEIS 2011] 
Keywords: On-orbit servicing; Relative motion; Highly eccentric orbit; STK; GEO satellite; Unscented Kalman filter
1. Introduction 
GEO satellites have been widely used in the field of communication, broadcasting, navigation and meteorology, etc. 
They are of so great important value that most countries strive to launch GEO satellites and the quantities are getting 
more and more in space. By the year of 2005, there have been already about 1120 satellites in the vicinity of 
geostationary earth orbit. 
While in the complicated space environment, a small fraction of GEO satellites may be malfunctioned by the 
damage of various plasma, high energy charged particles and debris every year. The malfunctioning satellites will turn 
into space trash and hover around geostationary earth orbit in one million years if they are not renovated. It will 
become a potential menace for the other GEO satellites which work properly or will be launched in future. Thus on-
orbit maintenance of GEO satellites has been attracted more and more attention by most governments. And multiple 
relevant scientific projects are supported, such as Orbital Express Program of DARPA, SLES of Orbit International 
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Corporation, etc. 
In order to examine operating state of GEO satellite, a method is proposed by taking a photograph of GEO satellite 
through OMV with CCD camera. During the process, many technical problems will be encountered, such as imaging 
obstruction, communications between on-board and ground and so on. Nevertheless, the primary problems relevant to 
orbital dynamics and controls are design of OMV’s orbit, representation of relative motion and state-estimation of 
relative motion, which will be discussed in this paper. 
2. Orbit design 
2.1. Description
To avoid apsidal precession under J2 perturbation, the inclination of HEO is designed by 63.4 degree as the same as 
critically inclined orbit. As shown in Fig. 1, suppose 0t be the time when OMV arrived at apogee , and at the same time 
GEO satellite A1 arrives at point where is along apsidal line of HEO. Therefore time 0t is the best opportunity for 
OMV taking a photograph of GEO satellite because the distance from OMV to GEO satellite is the shortest. 
Henceforth, OMV will move N (where N is an integer) revolutions and GEO satellite A1 will move one revolution 
before they meet in the original place again. So OMV in HEO takes a photograph of GEO satellite A1 periodically. It 
is another remarkable advantage by considering HEO as OMV’s orbit. 
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Fig. 1 Schematic of OMV’s orbit Fig. 2 Time histories of OMV’s line-of-sight angular acceleration
2.2. Designing method 
Suppose OT and GT be orbital period of OMV and GEO satellite respectively, then according to the analysis above the 
following relationship should be satisfied 
ONT T= G            (1) 
From Eq.(1), semi-major axis of HEO is solved by 
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where μ is Earth gravitational constant. It could be obviously seen that the apogee's altitude Oa of HEO is a key design 
parameter which determines the shortest distance from OMV to GEO satellite. For the convenience of discussion, 
assume the altitude difference between highly eccentric orbital apogee and geocentric radius of GEO be denoted by .
On the other hand, during the process of OMV’s approach to GEO satellite, angular acceleration of line-of-sight can be 
used to characterize the required turnaround ability for OMV’s platform where CCD camera is fixed. Fig.2 shows time 
histories of OMV’s line-of-sight angular acceleration with different . In order to improve quality of photos, small 
value of should be chosen. However, big angular acceleration of line-of sight will be caused by small , thus the 
requirement of turnaround ability for OMV’s platform will be hardly satisfied. Combining with these factors, value 
range of is bounded by 
r
δ
δ
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Geocentric radius of perigee and eccentricity of HEO can be given respectively by 
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where . Noting that should be less thanOa Gr r δ= − Opr ER , i.e. 
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Op Er R>            (5) 
Substitute Eq.(5) into Eq.(3) and we have 
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Eq.(6) is another constraint for N. Substitute Eq.(3) into Eq.(4), then value range of N is obtained 
[ ]min 2.2901,2.2911N <          (7) 
It is easily seen that N should be 1 or 2 only. To establish N, further discussions proceed as follows: 
1) N=1, which implies that HEO degenerates to near circular orbit because semi-major axis of HEO equals to 
geocentric radius of GEO, then the physical conditions are not satisfied apparently. 
2) N=2, which implies that OMV will meet the same GEO satellite at point every two revolutions. a
Moreover, through the analysis above we can find that OMV in HEO will take a photograph of two GEO satellites 
in one revolution, one is A1 and the other is A2 whose geocentric vector is opposite to A1's. Further more, the times 
when OMV meets A1 is , , , 0 , , and the corresponding times for A2 
is t + , , , , , where m is an integer. 
0t( m+ 0 2 Ot T+)T  2 Ot mT+ 0 O 0 O 0 O
Now three orbital elements of HEO are obtained, i.e. semi-major axis, inclination and argument of perigee 
respectively. They are as follows 
T t +3T t + 2 1
26561.7624384kma = , ,        (8) 63.4i = $ 0ω = $
As for eccentricity, its value is function of and will be found in Table 1. δ
Table 1. Eccentricity of HEO with different δ
( )kmδ 5 10 15 20 
e 0.58721 0.58702 0.58683 0.58664 
Up to now, only longitude of ascending node and time past perigee among six orbital elements are not identified. 
They will be established by specific GEO target in terms of following ways: longitude of ascending node is determined 
by the GEO satellite’s longitude of stationary point and time past perigee is determined by the GEO satellite’s orbital 
position.
2.3. Orbit keeping strategy 
In order to get rid of apogee’s drift in orbital plane under J2 perturbation, inclination of HEO is chosen to be 63.4°
as mentioned in preceding paragraphs. Nevertheless, ascending node's precession can not be removed yet. Spatial 
position of orbital apogee is determined by the longitude of ascending node and the argument of perigee both, so 
position of apogee will change as a result of ascending node's precession. Fig. 3 shows variations of longitude of 
ascending node during three months. As seen from the figure, the curves present trend of linear variation and 
precessing rate is about 0.07 degree per day, which is 51.488km when it is converted into the variation of apogee's 
position. Thus the influence of ascending node's precession is remarkable and can not be ignored. Hence, orbital 
adjustment is needed to eliminate impact resulted by precession of ascending node. 
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Fig. 3 Time histories of longitude of ascending node 
For the reason that OMV will meet the same GEO satellite every two revolutions, so the period for adjusting should 
be one period of geostationary earth orbit, i.e. once every other day. To study orbit keeping strategy for HEO, the 
general variations of orbital elements by impulse presented in Ref[4] are used here. From the variations equations, we 
can find that the longitude of ascending node will change solely with other orbital elements remaining unchanged 
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when only normal impulse h is boosted at or . Consequently we can adjust longitude of ascending 
node when OMV's argument of latitude is 90 deg in the second revolution after OMV meets GEO satellite. By the 
calculation, the adjusting impulse needed per day is approximately 5.2255m/s. 
vΔ 90u = $ 270u = $
3. The model of relative motion 
3.1. Dynamic equations 
Relative motion of OMV's approach to GEO satellite is mainly studied in this paper. The time of whole process is 
assumed to be about 120s. As the same as custom, nonlinear C-W equations are adopted here to depict relative motion 
between OMV and GEO satellite by regarding GEO satellite as reference spacecraft for the reason that geostationary 
earth orbit is circular. Then dynamic equations are given by[5]
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They are a set of nonlinear ordinary differential equations, where denotes geocentric radius of GEO satellite, n is
angular velocity of GEO satellite. c is geocentric radius of OMV (
a
r 2 2( )cr x a y= + + +
2z ), if ( ) are the 
(non-gravitational) perturbing accelerations on the vehicle in LVLH coordinate of GEO satellite respectively. 
, ,i x y z=
Assume vector form [( ) ( ), ( ), ( ), ( ), ( ), ( ) T]X t x t y t z t x t y t z t=    be relative motion state at time , then Eq(9) can be 
rewritten as 
t
( ) ( ( ), ) ( )X t f X t t W t= +          (10) 
where is Gaussian white noise with zero mean. For the convenience of numerical computation, Eq.(12) should be 
discretized and is given by 
( )W t
1 1|K K K K K
X X
+ +
= Φ + W           (11) 
where 
2
1| 6 6
1
( ) ( )
2
K K K K
2I F t t F t t
+ ×
Φ = + Δ + Δ          (12) 
where 6 6I × is identity matrix and ( )KF t is given by Jocobi matrix of ( ( ), )f X t t .
3.2. Precision analysis 
STK (Satellite tool kits) is well known as a kind of distinguished software in the field of astronautics. It can offer 
high precision of orbit propagation. Therefore precision of dynamic equations (9) for the specified problem in this 
paper can be validated by comparing with STK, to assess whether or not nonlinear C-W equations are suitable for the 
study of relative motion. 
Fig. 4a,b show error curves of nonlinear C-W equations during the process of approach with different . As seen 
from the figure, error magnitude of relative distance and relative velocity are 10-6m and 10-7m/s respectively, so it is 
reasonable to adopt nonlinear C-W equations representing relative motion between OMV and GEO satellite. 
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Fig. 4 C-W equations’ error curves 
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4. Transformation of observation data 
During the process of OMV's approach to GEO satellite, GEO satellite’s relative motion state versus OMV is 
needed to seek the best opportunity of taking a photograph. Generally speaking, it can be realized by TT&C (telemetry, 
track & command) system on ground. However, requirement of high precise relative motion state can't be satisfied as a 
result of great measurement error derived from the above way. To solve the problem, it's better to establish GEO 
satellite's relative orbit by measuring equipment on board. Firstly GEO satellite's position in measuring coordinate 
system of OMV is obtained by measuring equipment in practice, then it is converted into OMV's orbital coordinate 
system for further application. Because C-W equations are built in GEO satellite's orbital coordinate system, so for the 
purpose of estimating GEO satellite's relative motion state with these dynamic equations, observation equations should 
be built. Then OMV's relative motion state versus GEO satellite is estimated by filter. In this stage, the observation 
data by OMV should be transformed into virtual ones which are measured by GEO satellite. The converting technique 
is referred later. Finally, relative motion state of OMV versus GEO satellite is transcribed into GEO satellite's relative 
motion state versus OMV. Realistic processing steps are as follows: 
Step1. GEO satellite’s relative position 1ρ
& in OMV’s measuring coordinate system 1 1 1 1o x is measured, then it is 
converted into OMV’s orbital coordinate system and
y z
oxyz 2ρ
& is obtained. Suppose 1H be the transformation matrix, 
so 2ρ
& is given by 
2 1H 1ρ ρ=
& &            (13) 
2ρ
& is consisted of relative distance ρ , Hi-Lo angle β and azimuth angle . It is rewritten asα [6]
[2 cos cos cos sin sin T]ρ ρ β α ρ β α ρ β=&        (14) 
Step2. Observation data is converted to virtual ones, i.e. calculating OMV’s relative position in GEO satellite’s 
orbital coordinate system. Transferring origin of Cartesian coordinate system to OMV's centroid , and the 
transformation matrix from OMV's orbital coordinate system o to is given by 
' ' ' 'o x y z o
xyz ' ' 'ox y z
[ ] [ ]2 3 2H M Mθ= − i           (15) 
where i is the included angle between OMV and GEO satellite's orbital plane, i.e. OMV's orbital inclination. is the 
included angle between OMV's geocentric vector
θ
Or
& and GEO satellite's geocentric vector , which is positive when it 
is measured from anticlockwise. As seen from 
Gr
&
Gr
&
Fig. 1, is solved by θ
2 2 2 2 cosO G O Gr r r rρ θ= + −          (16) 
Combining with Eq.(20), 2ρ
& is converted into and' ' 'ox y z 3ρ
& is obtained by 
3 2H 2ρ ρ=
& &            (17) 
It is easily found that 3ρ−
& is OMV’s relative position in GEO satellite’s orbital coordinates. Up to now, OMV’s 
relative position 4ρ
& in GEO satellite’s orbital coordinate system could be obtained through certain transformations 
4 3ρ ρ= −
& &            (18) 
4ρ
& can also be rewritten in the form of Eq.(14), and we have 
[4 1 1 1 1 1cos cos cos sin sin T]1ρ ρ β α ρ β α ρ β=&        (19) 
where ρ , 1β and 1 are virtual measurement based on the assumptions that measuring equipment is installed in GEO 
satellite and they could be resolved through Eqs.(14) ~ (19). 
α
5. State estimation of relative motion 
It is well known that the observation noise is inevitable when OMV measures GEO satellite’s relative position. To 
achieve high precise information of relative motion, UKF filter is adopted here to eliminate error of measurement and 
initial value. 
5.1. Observation equations 
GEO satellite’s relative position which is measured by OMV could be represented by relative distance, Hi-Lo angle 
and azimuth angle. According to the analyses above, they could be converted to OMV’s relative position versus GEO 
satellite which is denoted by spherical coordinates [ ]1 1, , Tρ α β . For the convenience of discussion, the subscript is 
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]omitted. Assume vector [ , , Tx y z be OMV’s relative position in GEO satellite’s orbital coordinates, associated with 
spherical coordinates they have following relationships[6]
2 2 2x y z+ρ = + arctan
y
x
α =
§ ·¨ ¸© ¹
arcsin
zβ
ρ
=
§ ·
¨ ¸© ¹
      (20) 
Assume [ ], , TY ρ α β= , then observation Eqs.(20) are rewritten as 
( ) 2 2 2, ( )V t = , arctan , arcsin ( )
T
y z
Y G X t x y z V t
x ρ
= + + + +
ª º
« »¬ ¼
      (21) 
where is Gaussian white noise with zero mean. ( )V t
5.2. Unscented Kalman filter 
Extended Kalman filter (EKF) is the most widely used nonlinear estimation method. However, as the nonlinear 
functions are approximated based on Taylor expansions[7], there exist deficiencies of poor realizable, enormous 
computation and low accuracy of evaluation. For the reason, we will introduce a new filter method based on nonlinear 
transformation. 
Unscented Kalman filter is a new kind of filter method based on unscented transformation and it is firstly proposed 
by S.J. Julier, J.K.Uhlmann, etc[8]. Later American scholar Van der Merwe makes further research[9] on it. Unscentd 
Transformation is used to calculate statistical characteristics of nonlinear functions and its basic idea is calculating the 
statistics of a random variable which undergoes a nonlinear transformation. The UKF addresses the approximation 
issues of the EKF. The state distribution is again represented by a Gaussian random variable, but is now specified using 
a minimal set of carefully chosen sample points called sigma points. These sample points completely capture the true 
mean and covariance of the Gaussian random variable, and when propagated through the true nonlinear system, 
captures the posterior mean and covariance accurately to the 3rd order (Taylor series expansion) for any nonlinearity. 
Compared with EKF, UKF could better approximate nonlinear characteristic of dynamic equations. Therefore more 
precise evaluation could be achieved. Calculating steps by UKF can be found in Ref[10].
5.3. Numerical results 
In order to verify UKF for its efficiency in solving nonlinear state-estimation problem, the numerical results by 
UKF are given below. The initial value of GEO satellite’s relative motion state versus OMV is 
[ ]4.894051 ,  35.943771 , -164.952695  , 0.003365 ,  -0.599054 , 2.749194
where unit of position and velocity are km and km/s respectively. According to the given initial state, the closest 
distance 5km will be achieved 60s later. Assume error of initial value be [ ]0.1km,0.1km,0.1km,0.02km/s,0.02km/s,0.02km/s and
standard deviation be [ ] [ ]1 , 0.01deg, 0.01degm, ,σ σ σ =L α β
Related parameters of UKF are chosen as follows , , 
.
0.8α = 3κ = − 1β = . Then observation data (10 data per 
second) in 120s are used to estimate the relative motion state, and the filter results are shown in Fig. 5.
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Fig. 5 State-estimation of relative motion 
As seen in Fig. 5, estimated results by UKF have high precision even though there are major errors in initial value 
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and observation data. Evaluation results converge fast and the error magnitude of position and velocity are 0.1m and 
0.001m/s respectively. So GEO satellite’s relative position could be precisely established in real time based on the 
model of relative motion which is used in this paper by UKF. Hence, high quality of GEO satellite's photo will be 
guaranteed. 
6. Conclusions 
GEO satellite is of great importance and various countries are getting more and more interest in its maintenance, 
especially on-orbit maintenance. A kind of method is proposed by taking a photograph of GEO satellite through OMV 
with CCD camera in this paper. The main subjects which are studied here include three aspects: orbit design of OMV, 
representation of relative motion and state-estimation of relative motion. The author’s work will provide some useful 
advises for on-orbit servicing of GEO satellite in future. 
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